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We present a fully conservative, high-resolution, finite volume algorithm for
advection-diffusion equations in irregular geometries. The algorithm uses a Cartesian
grid in which some cells are cut by the embedded boundary. A novel feature is the use
of a “capacity function” to model the fact that some cells are only partially available
to the fluid. The advection portion then uses the explicit wave-propagation methods
implemented in CLAWPACK, and is stable for Courant numbers up to 1. Diffusion
is modelled with an implicit finite-volume algorithm. Results are shown for several
geometries. Convergence is verified and the 1-norm order of accuracy is found to be-
tween 1.2 and 2 depending on the geometry and Peclet number. Software is available
on the web. @ 2000 Academic Press
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1. INTRODUCTION

We consider the advection-diffusion equation
kG + V- (ug) = V- (DVQ) (1)

in two space dimensions, wheggx, y, t) is a density or concentration(x, y, t) is the
specified velocity fieldD (x, y) is the diffusion coefficient, and(x, y) is a capacity func-
tion. This function could represent, for example, heat capacityisf the temperature, or
porosity in a porous medium éf is the concentration of a transported solute. A fundamer
tal feature of the numerical method developed here is the use of a discrete version
which also incorporates information about the fraction of a computational grid cell whi
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144 CALHOUN AND LEVEQUE

lies in the physical domain. This is used in order to apply the method on Cartesian grids
with embedded boundaries. Our goal is to solve (1) is geometrically complex regions with
impermeable boundaries where the fluid flow must be tangent to the physical domain anc
the flux ofq is specified (e.g., no flux). Rather than attempting to determine a grid which
conforms to the boundaries, we wish to use a uniform Cartesian grid in which the physical
domain is embedded. The main advantages to using a Cartesian grid are that all difficultie
associated with unstructured grid generation can be avoided, and standard finite volume ¢
finite difference discretizations of the PDE on a uniform grid can be used, away from the
boundaries at least.

This Cartesian grid approach is becoming increasingly popular for problems with com-
plex geometry where grids conforming to the boundaries are difficult to generate. Some
finite-volume approaches most closely related to ours can be found in [1, 8, 9, 12, 13, 17
28-30]. Finite difference and finite element methods on Cartesian grids with embeddec
boundaries have also been developed for many different PDESs, for example, [10, 11, 14
15, 24, 23, 22, 25-27, 31, 33, 34].

Here we develop a finite volume method which is essentially second order accurate fol
smoothg in very general geometries and which can also handle steep gradien{svan
discontinuities inq if D =0). This is accomplished by using the high-resolution shock-
capturing methods of CLAWPACK for the advection portion of the method, coupled with
an implicit finite-volume discretization of the diffusion equation.

The principle contribution of this paper is an algorithm with the following characteristics:

e Arbitrary geometry can be handled on a Cartesian grid, though we assume that the
geometry is well resolved by a piecewise linear function on the underlying grid.

e After some preprocessing required to handle the irregular geometry, small irregular
cells which are cut off by the boundary are updated by exactly the same formulas as regula
cells away from the boundary.

e The advection portion of the algorithm is explicit and the time step is determined
by the size of the regular grid cells, with no restriction caused by the small irregular cells.

e The accuracy and resolution in the irregular cells adjacent to the boundaries matct
that obtained in the regular cells and are essentially as good as would be obtained on simile
problems with a grid conforming to the boundary.

e The algorithm is implemented using the CLAWPACK software and is freely avail-
able on the web, see

http: //www.amath.washington.edu/~rjl/clawpack/cartesian

By assuming that the geometry is well resolved on the grid, we assume in particular that
each finite volume cell is a standard Cartesian grid cell which is possibly sliced by a linear
approximation to the boundary, as shown in Fig. 5, for example. Hence every cell is a simple
polygon with at most five sides and the standard ) labeling of grid cells can continue
to be used. For geometry with more complications, for example, a thin trailing edge which
cuts a cell into two distinct pieces, a more complicated data structure would be required
The methods proposed here could still be used but could not be implemented as directl
in CLAWPACK. See [8] for one discussion of such geometries in the context of elliptic
equations.

The diffusion and advection algorithms will first be described and tested separately anc
are then combined using a standard fractional step approach. The methods are described
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two space dimensions, but all of the essential ideas can be extended directly to three <
dimensions. Some other extensions are discussed in Section 7.

2. NOTATION AND THE USE OF A CAPACITY FUNCTION

We consider finite volume methods for the general conservation law

KOGV, Y, D+ F(X Y, 6, A« + 93X, Y, t,q)y =0, 2

wheref andg are the flux function and is the capacity. In particular, we consider variable-
coefficient linear equations including théfusion equationin which

f= _D(X? y)ar g= _D(Xv y)qy (3)

and the advection equation in which

f=ux,y,t)g, g=v(x,y,t)q (4)

and finally the advection diffusion equation which includes both advective and diffusi
fluxes,

f=uXx, y,)g - DX, y)a, g=v(X,y,1)g— D(X, y)qy. 5)

Such equations arise from the integral form of the conservation law over an arbitrary reg
Q

2 K (X, Y)Q(X, y,t)dxdy+/ n-fds=0, (6)
at Q Q2

wheren is the outward pointing normal at the boundéagy andf = (f, g) is the flux vector.
The integral of g is conserved up to fluxes through the boundary. The funeti@presents
the capacity of the medium as illustrated in the following two examples:

1. In heat conduction, if is the temperature then (3) gives Fourier's Law of hea
conduction for the flux of heat energy. The energy stored in the re@iime kqdxdy
wherex is the heat capacity of the material and (6) arises from conservation of energy.

2. If q represents the concentration of a tracer in some fluid saturating a por
medium, and ik (x, y) is the porosity of the medium so thfg k (X, y) dx dyis the volume
of @ which is available to the fluid, thef}, xq dx dyis the total mass of the tracer in the
regiong. If the fluid is flowing through the porous medium with the Darcy velo¢ityv)
(defined below) then the conservation law (6) arises with fluxes (4). If the tracer also diffu
in the fluid then diffusive fluxes are also present.

Note that the integraf,, xq dx dycan also be interpreted as an integratjaiver 2 with
respect to the measudy =« dx dy. This interpretation may be useful in understanding
our Cartesian grid finite volume integrals.
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FIG. 1. Cartesian grid with celC;; shown in enlargement.

2.1. Incorporating the Capacity Function into Finite Volume Methods on Regular Grids

A finite volume method is based on dividing the physical region into finite volumes (i.e.,
grid cells) and representing the numerical approximation by cell averages over those cells
The cell average is updated in each time step by approximations to the flux through eacl
edge of the cell. We are concerned here with a Cartesian grid of the form shown in Fig. 1.
We start by considering a uniform grid with spacing and Ay on a rectangular region,
with no irregular geometry to handle.

The grid is indexed byi, j) andQ[j represents the approximation to the average values
of g on cell(i, j) at timet, with respect to the measuradx dy,

Je, kX YA, y, th) dx dy

n ~
Qjj fcij/c(x, y)dx dy

()

Using the fact that the area of c€l; is AxAy, we define the average valuewbver cell
Cij as

1
4 = Tray /ci,.“(x’ y)dx dy ®)
Then we can write (7) as
1
NN ——— dx dy 9
1 KiijAyAJKq X ay ( )

Note that if« =1, thenk;; =1 and (9) reduces to the standard cell average.

Let Fi_12 ; andG; j_1/2 represent the numerical fluxes at the left edge and bottom edge
of the cell, respectively. These fluxes will be measured in unitsfidwing normal to the
edge per unit time per unit length. Hence the total flux through the left edge over the time
step At, for example, is given byAtAyF_1,» j. In porous media problems these fluxes
are computed using thRarcy velocity and in heat transfer problems, they are computed
using aneffective conductivityWe explain both of these briefly now.

Figure 2 shows a cartoon of flow in a porous medium where the shaded regions represel
rock or sand. The fluid velocity may be large in the regions where fluid is flowing, but it is
zero in solid regions where there is no fluid. Hence the average horizontal velocity acros:s
a vertical line segment such as the one sketched in the figure is less than the fluid velocit
at any particular point in the fluid. Thecomponent of thé®arcy velocityat a point is this
average velocity taken over an “infinitesimal” vertical segment centered at the point, which
is short relative to the scale at which this average fluid velocity varies, but still long relative
to the structure of the porous medium. Hence the Darcy velocity is roughly equal to the
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FIG. 2. Example of porous medium. Quantities such as velocity are averaged over an infinitesimal |
segment, such as the one shown.

average fluid velocity multiplied by the fraction of the infinitesmal vertical line which lie:
within the fluid.

At the edge of a finite volume grid cell (which is assumed to be large relative to tl
scale of the porous medium), it is clearly the Darcy velocity and corresponding flux whi
determines the flux into the grid cell.

The porosity of a porous medium at a point is defined analogously as the fraction of
“infinitesimal” region<2 about the point which is occupied by the fluid, wheXeés again
large relative to the porous structure. Our approach to handling Cartesian grids in com|
geometries, whichis described below, can be viewed as an extension of these ideas to the
where the solid is concentrated on some portion of the grid cell lying outside the fluid dom:
rather than being distributed throughout the grid cell. As we show later, we can also de
appropriate fluxes across edges which are only partially in the physical domain of inter

In heat flow in composite materials, one can analogously defiredfactive conductiv-
ity as the average of the conductivity over an “infinitesmal” line segment which is sh
relative to the length over which the average conductivity varies, but long relative to &
inhomogeneities in the composite material.

Using numerical fluxes based on Darcy velocities and effective conductivities, an expl
discretization of the conservation law (6) is given by

Kij AXAyQﬂ-+1 — Kij AXAyQinj
At

+AY[FYyp ) = Flyaj] + AX[G] 12— Glj_12] =0. (10)

Rearranging terms, we can write an explicit formula for updatyi‘u‘gl as

At At

n+1 __ n F-n ~—F-n I
KijAX[ i+1/2,] 171/2,1] Kij Ay

ij = ¥ij

(Gli112 = Gj_12]. (1)

Note that (11) is in conservation form in the sense that

AXAY Y ki Q) 12)
ij
will be conserved up to fluxes through the boundary of the computational domain. T
type of “capacity form” differencing is discussed in more detail in the context of hyperbol
conservation laws in [21]. In many problem&x, y) = 1. However, even for these problems
the idea of introducing a capacity function becomes useful in handling complex geometr
as described in the next section.
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FIG. 3. lIrregular flow domain (unshaded region) embedded in a larger computational domain. Enlargement
shows an irregular grid cell cut by a piecewise linear boundary. The capacity of the irregular cell is the unshaded
fraction of the cell in the irregular flow domain.

2.2. Using the Capacity Function to Represent Irregular Regions

In addition to physical interpretations of heat capacity and porosity, we can use the
capacity functionc to embed arnrregular flow domain such as the one shown in Fig. 3,
into a Cartesian computational domain. The natural extension of the interpretation of
given in the preceding section is to defingo be identically O everywhere outside of the
irregular flow domain. This extension preserves the notion that the valuedetérmine the
capacityof the medium to hold the advected or diffused quamgit@utside of the physical
domain of interest, the medium has no capacity to lapld

We now view the computational domain as the full rectangular region in Fig. 3, and refer
to the original physical domain as tihew domairand to the portion which lies outside the
original domain (the shaded region in Fig. 3) asmieflow domain

With this extended interpretation in mind, we now consider an irregular grid cell such as
the one magnified in Fig. 3. We defirg for this cell as in (8), after extending(x, y) to
be 0 in the no-flow domain. Note thal AxAy gives the total capacity of the grid cell. In
particular, in the simplest case wheré, y) =1 in the flow domaingij AXAy is simply
the area of the portion of this grid cell which lies in the flow domain (the unshaded portion).

To obtain a definition of the numerical fluxé€s_1/> ; andG; j_1/2 which is consistent
with our previous use of these quantities in update formula (11), we fir§; lat, ; and
éi’j_]_/z denote the average flux across that portion of each edge which is in the flow domain,
as indicated in Fig. 4. Then we let_,,» ; andh; j_1/> be the lengths of these edge portions

hiji—1/2

FIG. 4. Fluxes at edges of irregular cells.
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to the left and below the cel;;, respectively. One or more of these may be zero. The tot
flux across each edge is then giventpyso j Fi_1/2; andh; j_1,2G;i j_1/2.
If we now define the fluxes

hi—1/2j ~
Fioyo) = —21F 1))
(13)
G _ hi,jfl/Zé‘_ _
-2 = = Gigeie

we see that\yF_1/> ; andAXG; j_1/» are the total fluxes across the left edge and bottor
edge, respectively, of cell;;. Hence, this definition of the fluxes on irregular cells is
consistent with our definition on the regular cells.

To develop a general updating formula for irregular cells, we also introduce &ifjux
across the boundary segment, as indicated in Fig. 4. Let the length of this boundary seg
be denoted b¥;;. Then the general updating formula is

At At
i=Qf - ki AX [Fisyzj — Fiogj] - i Ay [Gi.j+1/2 — Gij-172]
At
— — i Hil (14)
Kij AXAY

For many problemsH;; =0. This is the correct boundary condition for tracer concen
tration in a flow bounded by a wall and also for heat conduction if the wall is insulated.
Hi; =0, the update formula (14) reduces to exactly that given by (11).

For cells completely outside of the flow domain, we haye= 0 and the updating formula
(11) appears to be invalid. However, if we note that flukes,2 j, Fi—1/2,j, Gi,j+1/2, and
Gi,j—1/2 will always be zero for such cells, the earlier formula (10) will always be valid. Fc
computational convenience, however, we want to apply the fomula (11) or (14) everywhe
To do this, we can sei;j to some arbitrary but nonzero value for cells entirely in the no-flov
region, since the fact that the fluxes in this region will be zero will ensure that the value
Qjj remains zero.

A key feature of our approach is that we have eliminated irregular grid cells from tl
geometric structure of our problem and instead take the viewpoint that some cells may
small capacity. This simplifies the structure of the computer programs and allows softw
packages such as CLAWPACK to be applied directly.

As we will later see, by shifting the small cell problem from one of cells with sma
volume to one of cells with small capacity, we also provide ourselves with a natural w
to overcome the instability problems typically associated with the small cells. Althou
our capacity;; is the same as the quantity; introduced by Chern and Colella [7] in the
context of front tracking, we use a different modification to the fluxes which is based mc
directly on wave propagation and which we believe gives better accuracy.

3. THE DIFFUSION EQUATION

We now develop a finite volume method for the diffusion equation in the flow domai
The problem we wish to solve numerically is given by

kG =V- (DX, y)Vg) inQ (15)
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subject to Neumann boundary conditions on the boundai® efich we use to define
flux valuesH;; used in Eq. (14). As described in the previous section, we defitoebe
identically O for(x, y) in the no-flow domain. The fluxes are given by Egs. (3).

As suggested in the previous discussion, it will be convenient to define numerical fluxes
Fi—1/2,; andG;j j_1/»> so that the total flux across an edge of length or Ay is given by
AyF _1/2j or AXG; j_1,2. With this in mind, we approximate quantitgsanddy on regular
cell edges by differencing across the edge and use these to approximate the fluxes as

Q.. _ Q.7 ’.
Fi_12j = —Di_1/2,] IJT(I“ (16)
and
Gij—12= —Di,j—l/zQij_A—;gi’j_l. (17)

As before, these values are in unitsgdfowing normal to a cell edge per unit time per unit
length.

On irregular cell edges, we approximate quantifieganddy at the center of that portion
of the edge which is in the flow domain by interpolating between vaiek =1, .. ., 4,
in four neighboring cells. We interpret these valu@g as being located at centers of
mass of the regular and irregular cells. After we have located the centers of four cells
surrounding the partial edge at which we wish to compute the flux, we use the coordinate:
(&, k), k=1, ..., 4, of these four centers and corresponding valQg$o determine the
coefficientsa, b, c, d of the bilinear function

g(x,y) = ax+ by +cxy+d. (18)

We then use these coefficients to approxintater ¢y at the centelXxe, Ye) of a partial
edge. For example, we have

Ox (Xe, Ye) = @+ Ce. (19)

In Fig. 5, the value®Qij, Qi_1,j, Qi—1j+1, andQ; j+1 are used to approximate valugs
atxi_1/2 and@y at y;jy1/2.

Cell centroids

Cell centroids /

Point at which g, is approximated

Point at which §, is approximated

FIG.5. Typical set of points, located at center of mass of irregular cells, used to approginsatedgex;_1,»
andgy atyj 1. The fluxeslfi,l/zvi andéi,m/z are computed using these approximations.
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Other researchers have proposed methods for approximating diffusive fluxes at pa
cell edges to second order accuracy [18]. Although our method is only formally first orc
at the cell edges, we have found that we obtain results which are still globally second or

We use the approximations given by (18) to compute vanes/z i andG. j+1/2 Using

Fi_1/2) = —Di_1/2,0x (20)
Gijr1/2 = —Di j /20y (21)

The numerical fluxe$i_1> j andG; j;1/» are then defined as in (13).
To discretize the heat equation given by (15), we use a standard Crank—Nicolson me
at all grid points. First, we define an approximation to the integral

—/ f-nds (22)
aCij

in (6) as

Wi = —{Ay(Fls5 = Flaj) + AX(Glj 10 = G 1)} (23)
Then an implicit discretization of (6) is given by

1
Kij AXA QT —Qf _ }(W” + W (24)
! RN 2

which, upon rearrangement, is

At
Qn+l n+l QI]

At
— W 25
2¢ij AXAY Wi (25)

2¢ij AXAY g

In the above, we assumed that there was no incoming flux from the boundary. If we ass
that this flux, given again by, is non-zero and possibly time dependent, then our upda
formula looks like

Qn+l At n+l _ ~n At n Atlij H'f_1+1/2’ (26)

2 wnrl_on g2
2¢ij AXAY g IJ+2KijAXAy IJ+KijAXAy g

where agairljj is the length of that portion of the boundary of the irregular flow domail
which is in cellC;;.

Because;; varies from grid cell to grid cell, the matrix corresponding to the abov
system of linear equation is not symmetric. However, these equations are still easily so
using the iterative method designed for such systems. The one which was chosen
and which seems to give quite good results is the stabilized bi-conjugate gradient met
(BICGSTAB) developed by Van der Vorst [33].

As for the stability of the numerical scheme described above, we have observed the
practice, the presence of small cells near the boundary does not place any unreaso
restrictions on the size time step we can take to maintain stability. This to be expected, s
Crank—Nicolson is an unconditionally stable scheme.
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4. THE ADVECTION EQUATION

The advection portion of the algorithm is implemented using the CLAWPACK software,
based on the high-resolution wave-propagation algorithm described in [22]. The specia
case of advection is discussed in detail in [21] and will be described briefly below.

On the grid celli, j) we require the average normal velodity 1/, ; along the left edge
of the cell andv; ;_1,> along the bottom edge. For simplicity in two dimensions we assume
that an incompressible velocity field is specified by means of a stream fungtiony).

This is not necessary for our algorithm and would not be appropriate in three dimensions
where a different approach would be needed to determine the proper Darcy velocities. The
velocity is determined from the stream function by

U(X, Y) = Wy(x» Y), U(Xv y) = —Wx(xs y)

Then the average velocity along each edge is easily computed by differencing the strear
function at the corners

1 Yi+1/2
Ui_ipj = ?y/ Yy(X, y)dy
Yj-1/2

1
Ay (W (Xi—1/2, Yj+r2) — ¥ (Xi—1/2, Vi-1/2)]

at the left edge, and

1 Xit1/2

Vij—12 = Tax ), YUx(X, y)dy
i—1/2

1
=~ [V (12 Yima2) = v (Xi-ay2, Vi-12)]

at the bottom edge. Note that this will automatically satisfy the discrete divergence-free
condition

(Uisyzj = Uicazg)/ AX + (Vijsr2 — Vij-12)/ Ay = 0.

In the case of an irregular flow domaif,must be constant along any physical boundary
and we assume thdt is defined over the entire computational domain in such a way that
¥ is identically constant in no-flow regions. Then the above formulas give zero average
velocity along any cell edge that lies entirely in the no-flow domain. Moreover, the average
velocity is computed correctly in cases where the edge is cut by the physical boundary
e.g., at the left and bottom edges of the cell shown in Fig. 3. This average velocity can
be interpreted as analogous to the Darcy velocity described in Section 4. It is an effective
velocity over the entire cell edge, rather than a pointwise approximation to the actual fluid
velocity.

To explain the advection algorithm on irregular cells, it is illuminating to first consider
the case shown in Fig. 6, where there is a horizontal wall cutting through some row of grid
cells. Constant flow parallel to the wall is specified by

u if
u(x,y>={° TYEY k) =0,
0 ify < Vo

Uoy ify>vyo

V(X y) = { .
UoYo ify <yo
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Ax

FIG. 6. Grid cells in the case where the boundary is parallel to the grid and cuts through one row of ce
creating thin sliver cells.

For grid cells entirely in the flow domait);_1/2 j = uo, but for the cut celld)i_1 ; =
Uohi—1/2,j Ay, whereh;_1 5 j is the length of the left cell edge which lies in the flow domain
(see Fig. 6). Consider the simple upwind method, in which case the fluxes will be given

Fi—12j =VUi—12Qi-1j, Gij-12=0

and the update formula (11) reduces to

At
QA= Q= ———— [AY(Firrz) — Fictj)]. 27)

Kij AXAY
Note thatkij AXAy is the cell area.
For cells entirely in the flow domain, we havg =1, U;_1/> ; = Uo, and this reduces to
the one-dimensional upwind method

Qn+1 — n _ uOAt

(QI] Qi—li,j)' (28)
The cut cells have areg AXAy=h;_1,» jAX, and sacij = hi_1/2 j /Ay while Ui _12 j =
Uohi—1/2,j/Ay. In this case the formula (27) also reduces to (28). Hence the cut cells :
updated by the same one-dimensional method as the full cells, and advection throug!
row of cut cells along the wall exactly matches the advection elsewhere in the flow dom:
Note that this is true regardless of the size of the cut cells, even in thenlimjb ; — 0, as
the cell becomes vanishingly small. The Courant number restriction is given by

[upAt/AX| <1

regardless of the size of the cut cells. Small cells cause no stability problems in this spe
case since flow is in the direction where the cell width is alwaysand fluxes are properly
calculated to vanish along with 1/, ;.

Now consider flow at some angle to the grid. Figure 7a shows the interpretation of
multi-dimensional wave-propagation algorithm as described in [20, 21] on a regular g
The shaded region represents a wave propagating from the left cell edge with horizc
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& o 7

b

FIG. 7. (a) An advection wave propagating from the left edge moves at the fluid velocity into the adjacent
cell and the cell above. (b) The wave in a cut cell at the boundary with the same velocity as in (a). In this case the
cut cell is trapezoidal. (c) The situation when the cut cell is triangular, in which case more than half of the wave
may leave the adjacent cell and go into the one above.

velocity Ui _1/» ; and vertical velocityv; j 1,2, both taken to be positive in this illustration.
The wave carries the jum®;; — Q;_1,; and leads to contributions to the two fluXgs /2 j
andG; j1/2. The contribution td~ _1 /5 j is due to the propagation of the rectangular region
of areaAyAtU;_1/» j and jumpQ;; — Qi_y j into cell (i, j), yielding

contribution toF_1/2j: Ui—1/2,j(Qij — Qi—1j)- (29)

The contribution taG; j11/2 results from the “transverse propagation” (see [20, 21]) of a
triangular region of areaAtU;_1/2 ) (AtV; j+1/2) propagating out of celii, j) and into
cell (i, j +1). This yields

N At
contribution toG; j12: A—in_l/zﬁjVi,j-»,-l/Z(Qij - Qi_1j)- (30)

Each of these fluxes also receives contributions from other jumps as well. (See [20, 21] for
more details, and also the mechanism by which second-order corrections with limiters are
added.)

Figures 7b and 7c show two situations where the grid cell is cut by a physical boundary.
Note that much of what flows into cefl, j) from the left flows out again through the
top edge of the cell. Stability is often a problem in small cells with explicit Cartesian grid
methods since we do not want the time step to be limited by the size of the smallest cell tha
happens to appear. One way to maintain stability is to make sure that theRuxgs; and
Gi j—1/2 are consistent with one another, so that summing the fluxes around the cell edge:
will give suitable cancellation of inflow and outflow. This is critical since we divide by the
cell area in the updating formula. For tiny cells the cancellation must be nearly complete.
One approach to ensure this is theliox method” developed in [3, 4], but here we seek
something easier for the relatively simple case of advection parallel to the wall.

First consider the situation shown in Fig. 7b, where at least one edge of the cell lies
entirely in the flow domain (the top edge in this figure). In this case stability is achieved
without special effort by the use of the multi-dimensional wave-propagation algorithm
whichincludestransverse fluxes, as described above and indicated in the figure. The standa
updating formulas work with the fluxes arg defined as above, even when the cell area
is very small, e.g., a thin sliver as in Fig. 6. The portion which flows out through the top
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edge is correctly computed by the transverse flux formulas, which correctly assume tha
portion of the wave passing out through the top of the cell is triangular in shape.

Unfortunately this formula can lead to unstable behavior in the case illustrated in Fig.
where the portion of the wave passing out the top edge is not triangular. This can hay
if the small cell itself is triangular, with only two of the edge lengthsi/o j, hi j+1/2
nonzero and these both shorter than the edges of regular cells. In this case it may ha
that more than half of what flows into the cell through the left edge should flow out throu
the top edge, as illustrated in Fig. 7c. This cannot be properly modelled by the formu
(29) and (30).

One way to restore stability would be to handle the geometry of the wave explicitly
the calculation of fluxes, carefully computing the area of the portion of the wave in Fig.
which passes through the top edge and using this to correctly define the contributio
the fluxG; j+1/2. This approach was used in [2, 18, 19] for the Euler equations. We wi:
to avoid this complication here and instead use the “Darcy velocities” and capagities
directly in CLAWPACK.

Rather than modifying the definition of the fluxes, we have found that an extreme
effective method is obtained by a simple modificatior;pfin such cells. By increasing;
and hence slightly enlarging the cell’s capacity we have found that we can compensatt
the possible mismatch in fluxes defined by (29) and (30). After explaining and motivati
this modification we will discuss its physical implications.

The change is accomplished by defining the capacity in all cells by a modified vers
of (8),

. L
b= s [ St y) oy (31)

in which we define

. min( AX AX Ay Ay )
v hi—y2) hivyzj hij-12 hiji12/)

Note thatrjj > 1 and thatrjj =1 if at least one of the cell edges is entirely in the flow
domain, in which case"reduces to the usual definition af . In the troublesome case of
a small triangular celk;; > 1 and the capacity is increased. This is equivalent to redefinir
the area of such cells based on a thin sliver rather than a small triangle, the sliver obta
by replacing the larger of the two lengths (1,2 ; or h; j11/2, say) by the full size mesh
width (Ay or AX, respectively). However, we do not actually modify the geometry of th
grid at all; we simply increase the capacity of the small cell.

For simplicity in discussing and analyzing this algorithm, we will assumecdhaty) = 1
in the flow region, so that

= Dl
YT AxAy’

(32)

whereAy; is the cell area.

The motivation for this form off;; is the following. The algorithm remains stable in a thin
sliver of a cell because when two sides have small le@#) (e.9.,hi_1/2 j andhj 112 j
in Fig. 7b) whileh; j;1/2 = Ax has normal length, then the areatis = O(e Ax) while the
Darcy velocityU;i_1,2 j is O(e). For a fixed grid these two quantities vanish at the sam
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rate asc — 0 and the cell update can remain bounded. In a small triangular cell, on the
other hand, ithj_1/2 j = O(¢) andh; j;+1,2 = O(e) also, then the ared; is O(e?) while
the Darcy velocities are still onl@ (¢). Hence the cell update {3(At/¢) and blows up as
€ — 0. This results in instability unless we use very small time steps based on the size of
these cells. Enlarging as in (31) eliminates this possible instability.

In practice we have also found it useful to place an absolute lower boukdsmtting

Kij = max(;%i,- ,98), (33)

wheres = 0.01AXAYy, for example. This eliminates the chance of instability due to rounding
errors in extremely small cells and also ensures that set to a nonzero value for cells
entirely within the no-flow domain.

With this modified definition ok;; , we have found that we can use the standard Courant
number restriction maxvi; <1 in CLAWPACK to choose the timestep and the method
will be stable. The cell Courant number in each grid cell is defined by

(34)

Uiil/z,jAt' ‘Vi.jil/2AtD

Vij = max( - -
Kij AX Kij Ay

In the calculations below we have always chosen the timestep by imposingmjax0.9.
Note that on a uniform grid the Courant number would be defined by

u(x, y)At
AX

(35)

)

V= max<
X,y

v(X, y)At
Ay '

As discussed in the Appendix, depending on the geometry, we may be able to take the ce
Courant number to be as large as 2 in some cases and stillvhavde With this larger
Courant number, we have confirmed that the method is still stable numerically in several
cases. This is justified in the Appendix. Hence the existence of irregular grid cells at the
boundary has no impact on the allowable time step.

Modifying « in small triangular cells gives an algorithm which is stable with a reasonable
time stepAt. What is the physical effect of modifying in this way? First note that the
method is still fully conservative in the sense thaki; Qf} is conserved from one time step
to the next except for fluxes through the boundary of the computational or physical domain.
Hence the total mass of a tracer flowing through the region is conserved. All we have done
is to increase the capacity of some cells to hold the tracer. Again we stress that we do nc
actually need to change the geometry or modify the Darcy velocities at the cell edges. Mos
importantly we do not need to modify the geometry of other nearby cells.

5. FRACTIONAL STEP METHODS FOR THE ADVECTION-DIFFUSION EQUATION

In the previous two sections, we have described in detail our algorithms for handling the
advection and diffusion terms separately. These can be combined using standard fraction
step methods to solve the coupled advection-diffusion equation. The advantage of usin
a fractional step approach is that we can still essentially treat the advection and diffusior
operators separately. We only need to justify that the time accuracy of the solution obtainec
is acceptable.



ADVECTION-DIFFUSION IN IRREGULAR GEOMETRIES 157

In the fractional step approach, we first advect the tracer qua@fityo obtain an in-
termediate valug&*. We then diffuseQ* to obtain our approximate solutio@"*. The
semi-discrete equations that we solve have the basic form

T wwe (36)
Qn+1At_ Q* _ DV2<Q* +2Qn+1> ’ (37)

where the right hand side of each discrete equation is discretized as described in the pre
sections. This is sometimes called tRedunosplitting, and while it is formally only first
order accurate, we have found in practice that we can obtain much better than first o
accuracy. To see why this might be so, we compare the Godunov splitting trérey
splitting method, a method which is formally second order accurate. We write down 1
Strang splitting, using the notation from above, as

Q*-Q" n
T/Z =-—U-V)Q (38)
A oY (2 ) (39)

Qn+l _ Q** _ »
~atz - V)Q™. (40)

In the Strang splitting, the half time step of advection is followed immeditely (in the ne
time step) by another half time step using the same operator. These two half steps ce
combined into a single step of lengitt and in fact it is better to do so to reduce numerica
diffusion and computational cost. Once this is done, the Strang splitting over many ti
steps is identical to the Godunov splitting except in the first and last time step, where a
step of advection is used rather than taking a full step only at the beginning. This cha
is typically negligible relative to other errors. Even though this error is formally first orde
it has a very small constant relative to the overall error. For this reason we use the sim
Godunov splitting, but this could easily be changed in the implementation.

6. NUMERICAL RESULTS

In the following numerical examples, we demonstrate the performance of our propo
algorithm. We seek to demonstrate that using our capacity form differencing, we can ob
results that have the right physical behavior near irregular boundaries and that converg
the correct solution as the computational grid is refined. In the first set of examples,
look at advection and diffusion of a plane wave in a channel and compare the results tc
exact solution. In the second set of examples, we test the diffusion and solid body rota
in an annulus and compare our finite volume solution to a reference solution compute
polar coordinates. In the final set of examples, we look at flow through a field of irregu
objects and compute washout curves for the advection of a passive tracer through the

In all sets of examples, we test the advection algorithm using velocities computed fro
stream functiony (X, y) which has been determined either analytically or numerically. Be
fore the actual computations using CLAWPACK are done, the stream function is compu
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at all grid nodes and the values are then differenced to compute valuesdb at all cell
edges. These velocities then remain fixed for all time steps of the calculation.

To determine the numerical convergence rate of our solutions obtained in the following
test problems, we compare our results to values of a reference solution, obtained eithe
analytically or numerically. We assume that computed valDgsare located at the center
of mass of regular and irregular cells. We then use this reference solution to compute the
errorg; in each cell. The weighted norm of this error over the entire computational grid is
computed using

1/p
lellp = (m Z l&j 1P AXAy) (41)

1/p
AXAyY

) 42

(AxAyZL,m, |%|K”> (42)

i

1/p
(ZIJ Z|QJ| Kl]) ) l<p<oo (43)

0]

Theoo-norm is defined in the standard way as
I€lloc = maxe|. (44)

In all of the following mesh and contour plots, we only plot solution values in cells which
are either completely or partially in the flow domain. Cells that lie completely in the no-flow
domain are masked in all plots (using the NaN value in MATLAB).

6.1. Advection and Diffusion of a Plane Wave in a Channel

For this set of examples, we look at the basic behavior of our solution in the presence of
a planar boundary which is not aligned with the computational grid. The physical domain
is a channel with parallel sides, as shown in Fig. 8. The channel is oriented at an arbitrary

Computational grid: 50x25

o 1 2 3 4 5 6 7 8 9 10
X

FIG. 8. Coarse grid50 x 25) used for flow in the channel. The channel makes an angteddd754 radians
with bottom of computational domain andAsl.71 units wide.



ADVECTION-DIFFUSION IN IRREGULAR GEOMETRIES 159

angle (approximately 0.0754 radians) to the grid and the flow is advected at Speed
with 0<Ug <1 in a direction parallel to the walls. We impose no-normal-flow boundar
conditions on the channel walls.

The computational grid used here Nsx M, whereN is the number of cells in the
horizontal direction and/ is the number of cells in the vertical direction. For the channe
problem, we have choséw = 2M. Convergence rates are reported in termblof

The basic plane wave shape that we use to initialize the flow is given by

_ 0.75—¢ 0.75+ ¢
w() = O.S{erf(im ) + erf(i\/E )} , (45)

whereD = 0.01 is the diffusion coefficient anglis the streamwise distance from the centel
of the channel. For problems involving advection, we initialize our flow with this wav
shifted towards the inflow end of the channel. For a given velddifywe have that the
solution for the pure advection equation is

Jadv(§, 1) = w(§ — Uo(t — 3)). (46)

The pure diffusion solution is

_ B 0.75—¢ 0.75+¢&
Qaiff (€, 1) = 0.5{erf<m) + erf(m>} . )
The general advection-diffusion solution is
Qadv-diff (5, 1) = Quitt (6 — Uo(t — 3), 1). (48)

In Fig. 9 we plot the functiom,qy-gitt (£, t) at four different times fotJo =1 andD = 0.01.

0.8 -

0.6

FIG. 9. Plot of exact solutiom,qy-giti(&, t) to plane wave advection-diffusion in channel. The velocity is set
to Uy =1 and the diffusion coefficient is set = 0.01. The Peclet number is 100.
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(I e S S S R A
FIG. 10. Advection and diffusion of plane wave in the channel, computed on three different grids. The plots

on the left show the results of pure advection and the plots on the right show the results of advection-diffusion.
All plots are shown at timé= 6. From top to bottom the grid sizes are 6@5, 100x 50, and 200« 100.

6.1.1. Advection of a plane wave in the channélo see how the advection portion of the
algorithm behaves as the grid is refined, we computed the solution on three different grids
In Fig. 10, we show the results of this series of computations. As expected, the contours ir
each plot in Fig. 10 remain essentially normal to the wall.

The glitches in the plots are typically caused by inaccurate values in one or two very
small cells cut by the boundary. To some extent this nonsmooth behavior is due to the us
of MATLAB to plot contour lines. MATLAB takes the data as being at uniformly spaced
points, which is really not correct in the small cells, where it is more properly viewed as
located at centroids. Another reason may lie in the fact that small cells at the upper edge
increase in size in the direction of the flow, whereas at the lower edge they decrease in size
We have not investigated this anomalous behavior in any detail, but do wish to point out
that our scheme can produce slightly different results, depending on the orientation of the
grid to the boundary, and on the order in which small cells appear as the flow passes throug
them.

While the algorithm is not perfect in these cells, it is notable that:

e The method remains stable and the incorrect values typically remain within the
range of the nearby states.
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e Such values only occur when a sharp front is passing by. Once it has passed
values rapidly settle down to the correct post-front state.

e These inaccuracies in the tiny cut cells typically have no impact on the solution
full cells nearby. (This is tested in a later example; see Fig. 17.)

e As observed below, when this advection algorithm is coupled with our diffusic
algorithm for advection-diffusion equation, this anomolous behavior almost complets
disappears as the implicit diffusion operator smooths out these spikes in the data.

Is the capacity function really necessary2s a final test of the advection in a channel,
we demonstrate that by using “capacity form differencing” as described in the previc
section, we can essentially eliminate smearing that would occur near the boundary if
numerical scheme did not take into account areas of small cells. For this test, we com
two solutions, one using the capacity function, modified as necessary to ensure stability,
the second without using the capacity function (i.e., settiggl in all cells). In Fig. 11,
we see that when the capacity function is not used, the results are smeared out conside
Using the Darcy velocities at the cell interfaces gives a stable method, but the velocit
smaller at edges of the cut cells than elsewhere leading to slower advection along the w
The smaller velocity is offset by the small area of the cells when our capacity algorithn
used.

6.1.2. Diffusion in the channel.To test the diffusion portion of the code, we looked at
the diffusion of the initial pulse given in (45) and compare the results of our algorithm to t
exact solution given in (47). While we don’t show any plots of the diffusion alone, we c:
see in Fig. 10 that when a diffusion term is present, there is no noticable difference betw
the solution in small cells and that in neighboring full cells. In fact, the diffusion terr
tends to smooth out any spikes in the data produced by the advection algorithm. Figu
shows second order convergence in both the 1-norms and max-norms for the pure diffu
algorithm, and that the errors decrease quite smoothly as we refine the grid. As we no
our discussion of the convergence results in Subsection 6.1.4, this is not necessarily
when we include advection.

Performance of BICGSTAB in the finite volume diffusion algorithifa solve the non-
symmetric linear system of equations arising from the implicit discretization of the diffusic
equation, we used the linear iterative method BiCGSTAB. This iterative method has sev

FIG. 11. The solution in the first plot was computed without using a capacity functionj.es,1). In the
second plot, the capacity function was used to take into account areas of small cells. The computational g
200x 100.
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FIG.12. Performance of BICGSTAB, as measured by the average number of iterations required to advance the
solution fromt tot + At, for At =0.025. (a) Number of iterations versus grid size, for fixed diffusion coefficient,
D = 0.01. (b) Number of iterations versus diffusion coefficient, for fixed grid of sizex2Q@00. In both plots, the
time step was fixed akt = 0.025.

advantages over other methods for non-symmetric systems, and we have found its perfo
mance to be quite acceptable. Unlike GMRES, BICGSTAB does not require additional
storage for orthogonal vectors, and unlike the original BiCG, does not require a matrix
transposevector multiply. Furthermore, BICGSTAB is straightforward to implement. One
very clear presentation of the algorithm is given in [17].

In Fig. 12, we show how BiCGSTAB performs as a function of grid size and of diffusion
coefficent. In both cases, we measure the performance by looking at number of iteration:
BiICGSTAB needs to reduce the residual of the linear system to the desired lev&|i(L0
this test case). In the first test case, we look at how varying the size of the linear systen
affects the number of iterations BICGSTAB requires. In this test, we varied the grid size
and held the diffusion coefficient constant@t=0.01. We then determined the average
number of iterations required for BICGSTAB to advance the solution framt + At,
for At =0.025. This average was computed over the 20 time steps needed to advance th
solution tot =0.5.

For the second test case, we held the number of grid points (and hence the order c
the linear system) fixed & = 200 and varied the diffusion coefficient betweerr3@nd
0.5. Again, we held the time step fixed At =0.025 and computed the average number
of iterations over the first 20 times steps. In both test cases, we solved only the diffusion
problem.

Whatis interesting to note from the two plots is that increasing the diffusion coefficient has
amuch greater impact on the number of iterations BICGSTAB requires than does increasin
the grid size. A grid of 406 200 atD = 0.01 required about 7 iterations, whereas a grid of
half that size for a diffusion coefficient @ = 0.05 required 25 iterations. One explanation
for this may lie in the fact that the underlying matrix that BICGSTAB is inverting differs
from a symmetric matrix in onlyO(N) rows. As the matrix increases in size, the ratio
of the number of rows perturbing the symmetry of the matrix versus the total number of
rows behaves lik©(N1). As the grid size is increased, for fixed diffusion coefficient, the
matrix behaves more like a symmetric matrix.

On the other hand, increasing the diffusion coefficient affects the diagonal dominance of
the underlying matrix, since at least away from the interface, the operator we are inverting is
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FIG. 13. Advection-diffusion of a plane wave down the channel. Mesh plots of the initial data and soluti
at timet = 6 on the coarse grid, 50 25.

(1+ AtDV?). As we increas®, the matrix looks more like the discrete Laplacian, which
requires many more iterations to invert than its parabolic counterpart.

These results are characteristic of the behavior of BICGSTAB for all problem geometr
investigated, and so are not reported for other test problems.

6.1.3. Advection and diffusion in the channekinally, we combine the advection and
diffusion schemes using the fractional step approach described in Section 5. Contour |
showing the results for this test problem are shown on the right side of Fig. 10. Note t
the contour lines are now perpendicular to both sides of the channel. The implicit diffus
algorithm smooths out the incorrect values in very small cells and corrects the anomal
behavior seen at the boundary in the pure advection case. Figure 13 shows a mesh p
the results on the coarsest grid.

6.1.4. Convergence results for the channel for different Peclet numblerdzig. 14,
we show the convergence rate for the solution of the advection-diffusion equation in
channel for different values of the non-dimensional paraneger Uol /D, known as the
Peclet number. Heré,is the length scale of the problem, and for our purposes, is take
to be exactly 1. For & Pe< oo, we variedPe by varying the velocity and holding the
diffusion coefficient fixed aD = 0.01. ForPe=0, we carry out only the diffusion step of
the fractional step scheme, usibg= 0.01 and forlPe= oo, we carry out only the advection
step of the splitting scheme, usiklg = 1.

For a given Peclet number, we compute a single convergence fateour algorithm
by assuming that the truncation error in our discretization has the éghin=Ch' for
some constant. By computing the error on several grids, we can then approxmimate t
convergence rate by fitting a line through the log of the computed errors.

To compute the errors, we use as a reference solution the exact solution given in (
The errors were all computed at tirhe- 6, roughly the time it takes for the wave moving at
the largest velocity we testgtlly = 1) to traverse the length of the channel. For problem:
computed at slower velocities, the wave did not travel as far, but in all cases which invol
diffusion (Pe< o0), the total effect of diffusion was the same. The errors, computed usi
the 1-norm ando-norm, along with the rates of convergence are shown in the log—log plc
in Fig. 8.

We use so many different grid spacings because the exact manner in which the gec
try intersects the Cartesian grid naturally has an impact on the accuracy on any partic
grid. As a consequence, the error may not be smoothly varying as the grid spacin
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FIG. 14. (a) The 1-norm convergence rates andddnorm convergence rates for advection-diffusion in the
channel, for varying Peclet numbers. Solid line is the best-fit line used to compute convergence rate for each cas

decreased. From the plots, though, itis clear that the error (at least in the 1-norm) fluctuate
about lines with slopes indicating second-order accuracy. The 1-norm errors are domi-
nanted by errors in the full cells, and so do in fact vary smoothly, The max-norm errors,
however, are dominated by the errors in small cells and so show less smooth behavio
(Fig. 14).

Because the diffusion tends to smooth out any errors produced in small cells by the
advection scheme, we expect that the lower the Peclet number (and, hence, the more domi
ant the diffusion term), the smaller the magnitude of the computed errors. We see in Fig. &
that this is in fact that case. The largest errors produced by the pure advétiond)
case, and the smallest errors are produced by the pure diffusion case. In the max-norm, w
see that the pure advection may not even converge, but with even just a small amount ¢
diffusion, we get convergence rates that approach second order as we decrease the Pec
number. In the second plot of Fig. 8, we have plotted max-norm errors for 3 for the 5 Peclet
numbers Pe= oo, Pe=100, andPe=0). The convergence rates for the remaining two
cases were 0.90Pé=10) and 1.47 Pe= 1). The magnitude of the errors was very close to
those cases plotted and so to avoid cluttering the graph, these errors are not shown.

6.2. Advection and Diffusion in an Annulus

For this set of problems, we look at diffusion and solid body rotation inside of an annulus
composed of two concentric circles embedded in a square computational grid. The goal her
is to test how well our advection-diffusion scheme works in more complicated geometry.
The annulus is a convenienent choice because we can compare our finite volume solutio
to a reference solution computed in polar coordinates.

Figure 15 illustrates, on a 3030 grid, the geometry used for this test case. The radius
of the inner circle of the annulus RB; = 0.25. The outer radius iR, = 1.25. The center of
each circle is at2(1.509, 1.521). The initial profile of our solution is a functionéobnly
and is given in terms of the wave profile similar to that used for the channel. This wave
profile is

_ 7/6—6 /646
w(d) = O.5{erf<7m ) +erf(—m )} (49)
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Computational grid: 30x30

X

FIG. 15. Geometry for annulus test problem solver. The inner radius of the annulRjs=9.25. The outer
radius isR, = 1.25 and the center is at(1.509, 1.521).

In the interior of the annulus, the solution was initialized using
qo(0) = w( — 7 /2). (50)

We imposed no-flow boundary conditions at the two boundaries of the annulus.

6.2.1. Solid body rotation in an annulusTo test our proposed numerical scheme fol
the advection solver, we considered advection under solid body rotation. The velocities
solid body rotation can be determined from the stream function

0, r>R
Y(x,y) =< 0.27(Rs —r?), Ri<r<R (51)
O.Zn(R% - Rf), r < Ry,

wherer = ((x — 1.509?2 + (y — 1.521)%)%/2 is the distance of a particular poiat, y) to
the center of the annulus. For this particular choice/ofthe flow makes one complete
revolution in 5 time units.

Figure 16 shows contour plots of the computed solution as it rotates around the annt
The solution is shown at a sequence of times on two different grids. As in the channel f
case, the flow remains essentially parallel to both boundaries of the annulus, although 't
is evidence of numerical diffusion in the coarse grid solution.

As a second validation of the solid body rotation, we looked at the computed soluti
as a function of) at different values of , after one and two full rotations, and compared
these values with the initial conditions. These comparisons are presented in Fig. 17
a 60x 60 grid. In Fig. 17a, we plot the value of the solution in the partial cells cut b
the outer boundary of the annulus versusThe solution stays bounded and stable ir
these cells, but some inaccuracy in the smallest cells is observed as the front propa
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FIG. 16. Contour plots on the coarg@0x 30) and fine(150x 150 grid showing results of solid body
rotation at various times during one full rotation. Contour levels showrGate0.2, .. ., 0.9).
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Solution in partial cells near outer boundary
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FIG. 17. Computed solution to the pure advection equation in the annulus, shown as a funditor &ife
different values of . The numerical solution was computed on a660 grid and is shown at two different times
t =5 (after one revolution) antd= 10 (after two revolutions). The true solution is shown as a solid line: (a) a
r = R, along the outer boundary; (b)r& R;, just inside the outer boundary; (c)rat (R, + R,)/2, the middle
of the annulus; (d) at= R}, just inside the inner boundary; (e)ra& R;, along the inner boundary.
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past. However, this loss of accuracy in the cut cells does not appear to affect the solutior
away from the boundary. In Fig. 17b, we show the solution a small distance inside the
boundary, as interpolated from the full cell values to poiiR5, 6;), whereR, =R, —

V2Ax is aradial value slightly inside of the outer edge of the annulus, ard thadues are
equally spaced values 6fin [—, ]. Here the solution agrees quite well with the expected
behavior.

Figure 17c shows the solution near the middle of the annulus,=atR; + Ry)/2.
Figure 17d shows the solution just inside the inner boundar;at Ry + V2Ax, again
interpolated from the full grid cells. Finally, Fig. 17e shows the values in the partial cells
cut by the inner boundary. Note that near the inner boundary the solution is poorly resolvec
because there are very few grid cells around this circle (see Fig. 15). In all cases there i
very little degradation of the solution between the first and second revolution.

6.2.2. Diffusion in an annulus.To test diffusion in the annulus, we allowed the initial
data to diffuse over time (with no advection). The results we obtained agreed well with a
reference solution computed by solving the diffusion equation in polar coordinates:

1 1 92
_10 (00, 170

ot roar o 12 392" Ri<r<=R, —-m=<6=<m (52)

We obtained a spectrally accurate solution to (52) using a Fourier expansion in the azimutha
direction and a pseudospectral method based on Chebyshev polynomials in the radial dire
tion. We used 256 points thand 32 points in the-direction (where the solution varies more
smoothly). This gives a highly accurate reference solution, which was then interpolated tc
the cartesian grid using Fourier and Chebyshev interpolation.

Figure 18 shows contour plots comparing the computed and reference solution at fou
different times. Even near the boundaries of the annulus it is evident that the no-flux
boundary condition is satisfied. To show how our computed solution behaves as the gric
is refined, a fine grid solution and corresponding reference solution are also plotted in
Fig. 18.

6.2.3. Solid body rotation coupled with diffusion in an annuluSontour plots showing
the results of combining the diffusion and advection in an annulus are shown in Fig. 19.
Even the coarse grid solution agrees reasonably well with the reference solution. In Fig. 2(
we show a mesh plot of the same set of results at two different times.

6.2.4. Convergence results for the annulus for different Peclet numbler§ig. 8, we
show 1-norm and max-norm convergence results for the annulus test problem. As we dic
for the channel, we investigated how the convergence rates varied with the Peclet numbe
For this test, however, we held the velocity fixed (except inRbe- 0 case, where there
is no rotation), and varied the diffusion coefficient. The Peclet numbers we tested were
Pe=0, 20, 100 500 oco. For 0< Pe< oo, we computed the diffusion coefficient for a given
Peclet number aB = Ugl /Pe, where for this problem,=1 andU, was taken to be the
tangential velocity on the outer boundary of the annulus. For the stream-function we are
using, this velocity is given biy =27 R,/5=0.57. For Pe= 0, the diffusion coefficient
was set tdD = 0.01. ForPe= oo, we use a diffusion coefficient @ = 0.01 only to initia-
lize the flow, using (50).
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»

() 1 2 3 o ) 2 3

FIG. 18. Contour plots on the coarg80 x 30) and fine(150x 150) grid showing results of diffusion in
the annulus at various times. The solid lines represent results of finite volume scheme, and dashed lines a
reference solution, interpolated to appropriate grid. Contour levels showf.ade0.05, 0.1, 0.15, . .., 1.0).



170 CALHOUN AND LEVEQUE

(=3

1=5

1 2 E)

FIG. 19. Contour plots on the coarg@0x 30) and fine(150x 150 grid showing results of solid body
rotation coupled with diffusion @e= 100 in the annulus at various times over one full rotation. The solid lines

represent results of finite volume scheme, and dashed lines are the reference solution, interpolated to the Cartesi
grid. Contour levels show ar@®.01, 0.05, 01, 0.15, ..., 1.0).
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FIG. 20. Mesh plots on coarse griB0x 30) for advection and diffusion in the annulus wikle=100.
(a) Initial data. (b) Computed solution after one complete revolution.

Our choice of Peclet numbers differs from the channel case in that here, the total ef
of the advection was kept fixed over the range of Peclet numbers chosen, whereas be
we held the effects of diffusion fixed. All errors were computed -ats, after the initial
wave had made one complete revolution in the cases with advection. The errors vary r
smoothly with decreasing grid size in this case than was observed in the channel. This
be because the annulus cuts through cells in a wider variety of random ways regardle:
where it is located, while the channel leads to a periodically repeating pattern of cut ce
and hence may be more sensitive to its location, or the grid spacing. As seen in Fig.
the errors for the annulus all lie very close to the best-fit line for both the 1-norm and
max-norm.

The rates of convergence for this test problem were not as close to second order as
were in the channel case, but we do see that the rates generally improve as the F
number decreases (Fig. 21). We consider this to be a challenging test case because
poor resolution of the rapidly varying solution near the inner boundary, as seenin Fig. 1
for example. Even on the finest grids there are relatively few grid points around the in
boundary.

a , 1-norm convergence rates b . 0—0M cofivergence rates
10 T T T T 10 T T
[+] a
Rato= 128 (Pe=cs) g = a— = °
Rate = 1.43 (Pe =500 e

x % AO0D

Rate = 124 (Pe=100)
Rate = 1.25 (Pe=20) 4 '
Rate= 1.62 (Pe=0)
a
=] o
w0 s 0 o 4 o

o © o
a <
8 We’e’aﬂ o 0 ° ° q 8
m M R ¢ * ' d >
«IM * * eIk
" /‘ (A * “ %
«
< 5 Rale= -0.18 (Pe=w)
. « X . o Rate= 0586 {Pe =500)
w x 10k 4 Rae= 095 (Pe=100)
,,,.//‘/ «  Rate= 126 (Po=20)
x  Rate= 180 (Pe=0)
il . . . . o . . . . .
150 125 100 s 50 30 150 125 100 k] 50 30
N N

FIG. 21. (a) The 1-norm convergence rates anddinorm convergence rates for advection-diffusion in the
annulus, for varying Peclet numbers. Solid line is the best-fit line used to compute convergence rate for each
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Computational grid; 50x25

Fé
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FIG. 22. Coarse grid50 x 25) with embedded objects.

6.3. Advection through a Field of Irregular Objects

In this set of examples, we constructed a field of irregularly shaped inclusions and sim-
ulated the advection of a passive tracer through this field. One can imagine that this fielc
represents, for example, rocks in a porous medium or the cross section of pipes in a heat e;
changer. The purpose of this set of examples is threefold. First, we illustrate that our reliance
on the stream-function for obtaining our velocity field does not limit us to objects for which
we know a stream-function analytically. Second, we show that our proposed advection-
diffusion algorthim is not particularly sensitive to geometry chosen. Third, we demonstrate
that our capacity-form differencing with the modified capacity function is effective at re-
ducing smearing even when the stream-function is only known approximately. Figure 22
shows the field of irregular objects, embedded in the coarsest grid used for this example.

To compute the stream-function in the multiply connected domain, we solved an elliptic
equation in the domain using the Immersed Interface Method [23] and a procedure similat
to that developed by Yang [35] for this problem. This Cartesian grid method produces
second-order accurate values of the stream-function at all grid points, which were chosel
to be the corners of our finite volume cells. Differencing these values gives the required
Darcy velocities at cell edges. Figure 23 shows a contour plot of the stream-function usec
for this set of test problems, computed on a very fine grid.

Stream function ¥

FIG. 23. Stream function used for flow through irregular objects.



FIG. 24. Advection of passive tracer through field of irregularly shaped objects. Coarse grid (left side)
50x 25 and fine grid (right side) is 200100.

1=75 =78

FIG. 25. Advection and diffusion of passive tracer through field of irregularly shaped objects. Coarse g
(left side) is 50x 25 and fine grid (right side) is 200 100.
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FIG. 26. Contour plot of advection-diffusion results through field of irregular objects for the fine grid calcu-
lation at timet = 50. Note that the contour lines are roughly perpendicular to the boundary of each object.

We use initial dataq(x, y, 0) =0 and a boundary conditiog(0, y,t) =1 up to time
20 (and zero thereafter), which corresponds to the injection of a tracer at the left (inflow)
boundary over this time interval. Figure 24 shows plots of the solution at different times.
In order to compare the results more quantitatively as the grid is refined, we also computec
“washout” curvesw (t) which measure the total mass passing through the right edge of the
domain as a function of time. This is computed by

5
wi) = 3 Qusdy~ [ a0.y.ndy (53)

j=LN

which sums the values d along the rightmost row of grid cells on ad x N grid.

This gives the curves shown in Fig. 27. The general behavior of flow through the field of
irregular objects is preserved as the grid is refined. Even with the coarsest grid, where th
fine-scale structure of the flow is poorly resolved in Fig. 24, the washout curve shows quite
good agreement. For many applications, e.g., groundwater flow simulations, this is of grea
importance.

6.4. Advection and Diffusion through a Field of Irregular Objects

In this test, we simulated a tracer advecting and diffusing through the same field of irregu-
lar objects. Figure 25 shows the results of this simulation at 3 different times. To see that the
normal derivative ofj is close to zero near the boundaries, as expected from the Neumann
boundary conditions with diffusion, we also show a contour plot of this solution in Fig. 26.

Washout curves are again shown in Fig. 27. When diffusion is added, there is virtually
no difference in the washout curves at different grid resolutions. Even the under-resolvec
grid of Fig. 22 gives excellent results.

7. CONCLUSIONS AND EXTENSIONS

We have demonstrated that our capacity from differencing, coupled with a new approact
towards handling the small cell stability problem, can be used to solve the advection-
diffusion equation in an irregular physical domain embedded in a Cartesian grid. The key
contributions of this paper are summarized in Section 1. Several interesting extensions t
this work are also possible, a few of which we describe briefly here.
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Washout curves for advection through irreguiar objects
5 T T T T T T T I
50 x 25

o 100 x 50
4 7 _ 200 x 100

fq(10,y) dx

50 60 70 80 90 100 110 120 130 140
Time
Washout curves for advection and diffusion through irregular objects
5 T T T T T T 1 1
50 x 25

o] 100 x 50
200 x 100 |

Ju(10y) ax

50 60 70 80 90 100 110 120 130 140
Time

FIG. 27. Washout curves computed on three different grids. The upper plot is for advection only. The lov
plot is for the advection-diffusion equation.

The CLAWPACK software has been extended to AMRCLAW, an adaptive mesh refir
ment version of the code, developed by Berger and LeVeque [5]. This software also t
capacity-form differencing and is freely available on the web [6]. The advection portion
the algorithm presented in this paper, originally implemented using CLAWPACK, carri
over directly to AMRCLAW with almost no modification. Figure 28 shows the solution &
two times when AMRCLAW is used for the same problem as illustrated in Fig. 24. Tt
finest grid level in this computation would correspond to a uniform 5256 grid, and
hence has much better resolution than the computation on the right in Fig. 24. Com|
ing on a uniform 200« 100 grid up to time& = 75 requires advancing a total of about 14
million grid cells over the entire computation with the time step we used. Computing ot

ql1) attimet=50

FIG. 28. Advection of passive tracer through field of irregularly shaped objects, using the adaptive mq
refinement algorithm of AMRCLAW. The coarsest Level 1 grid isx326. This is refined by a factor of 4 to the
Level 2 grids and by an additional factor of 4 to the Level 3 grids. The grid lines are shown only on Levels 1 an



176 CALHOUN AND LEVEQUE

uniform 512x 256 grid would require advancing a total of 232 million cells in time. The
adaptive code advanced about 71 million cells, plus another 1 million for error estimation.
Here the front was quite complex so that a large fraction of the domain was ultimately
refined. For other computations the advantages of adaptive refinement can be even mo
significant.

For the adaptive code, the stream-function was computed first on a 8%& grid and
used at each grid resolution to define the correct Darcy velocity at the edge of all cells. The
capacity function was also first determined everywhere on the finest grid. For a cell at a
coarser level, the values gf; in all fine grid cells covered by the coarse cell are averaged
to computex in the coarse cell. Except for the stability modificationstpthis simply
corresponds to taking the area of the flow-domain within the coarse cell to be the sum of
the areas within all underlying fine cells. The stability modification is applied ¢a the
fine grid before doing the averaging to coarser levels, and this appears to maintain stability
at all levels with no additional corrections.

The diffusion algorithm could also, in principle, be extended to an adaptive refinement
code. However, since it is an implicit algorithm this is more complicated and has not yet
been implemented.

The extension of our method to three space dimensions should be straightforward, and th
three-dimensional version of CLAWPACK is already set up to handle a capacity function.
To modify the capacity function to ensure the stability of the advection scheme, we believe
that simple analogs of the two-dimensional approach will work in three dimensions. To
approximate the diffusive fluxes at the partiatesof a three-dimensional grid cell, we
expect to be able to extend the bilinear interpolaton directly to three dimensions. However
these extensions have not yet been implemented or tested.

One possible application of this work is to the computation of two-dimensional incom-
pressible flow by solving the stream-function vorticity equations. Our approach can be usec
to develop an embedded-boundary Cartesian-grid finite-volume method for this problem,
by solving an advection-diffusion equation

wt+V-(Uw) =V - (wVw),

where the vorticityw is now the conserved quantity and velocities are obtained from a
stream-function/, as described in this paper. The stream-function must be determined in
each time step by solving a Poisson problem with the vorticity appearing on the right hand
side. The main new challenge is to determine the correct flux of vorticity at the boundaries
in order to impose the no-slip boundary condition. Calhoun [7] demonstrates that for low
Reynolds number flows the immersed interface method can be used to determine this fluy
This work will also be presented elsewhere in the future.

Advection-diffusion equations in complex geometry also arise in many other contexts
in heat transfer or fluid dynamics. The approach outlined here should be useful for a wide
variety of practical problems.

APPENDIX: STABILITY OF THE ADVECTION ALGORITHM

We do not have a complete proof of stability of the advection algorithm with modified
capacitiesqj in cut cells. However, we can offer some justification and intuition for why
the timestep can be chosen basedanl with v defined by (35). We wish to show that
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stability will still be maintained in cut cells such as those in Figs. 7b and 7c. Recall tt
we are assuming =1 in the flow domain for simplicity. This stability result rests on three
claims, which will be justified but not fully proved:

Claim 1. The general advection algorithm (11) with fluxes determined by the mulf
dimensional approach (29) and (30) on any grid is stable provided that

maxv;; <1, (54)
1]
where
Ui iAt| | Vi At
vij = max(’ 1£1/2.] ‘, ’ Ljxl/2 D (55)
Kij AX Kij Ay

Claim 2. With the definition (33) forj, the boundy < 1 (using (35)) guarantees that
vij <2inall cells.

Claim3. If v <1theny; <1linregular cells and for cut cells stability is still maintained
even though (54) may be violated with<ly;; < 2.

Claim 1 has not been proved in general, though for the problem considered here th
the standard definition of the Courant number that is used in the CLAWPACK code. T
code has been found to be stable on a wide variety of problems and is typically used \
automatic timestep selection which seeks to keep this Courant number at a value of a
0.9. One could satisfy (54) without the modificationkoby (31) by using a sufficiently
small timestep, but this is what we wish to avoid.

Claim 2 is the heart of the matter, as it shows that our modifiedive a stable algorithm
with At chosen to be at worst half the value required on the portion of the domain wh
the grid is uniform, regardless of the geometry of the small cut cells. Claim 3 allows us
eliminate this factor of 12 as well.

To justify Claim 3, consider the special case shown in Fig. 29 comparing a full cell an
half-size triangular cell when the velocity is at 45 degrees to the grid. Figure 29a illustra
why the advection algorithm with transverse propagation is stable for Courant number:
to 1, as described more fully in [20]. The waves from the left and bottom interfaces b

A

FIG. 29. Advection at 45 degrees to the grid (a) in a full cell; (b) in a half cell cut by the boundary. Wit
transverse propagation the same size timestep can be used in each case.
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move in the direction of the flow and only half of each wave affects the cell value, since
transverse fluxes transfer the other half to adjacent cells. The Donor Cell upwind method
by contrast, does not include this transverse propagation, the two waves would both affec
only cell (i, j), and the Donor Cell method is only stable for Courant numbérdr less

in this case.

Figure 29b shows the same situation in a triangular cell cut by the wall. In this case one of
the two waves from Fig. 29a is missing, but the algorithm is clearly still stable with the same
At as in Fig. 29a. With this value dft the Courant number will be twice as large, however,
since the area of the triangular ceII%i&xAy. Hence in this case a Courant number up to
2 is allowed. Similar analysis applies to other cut cells, justifying Claim 3.

Claim 2 will be justified for the two situations shown in Figs. 7b and 7c. Other configu-
rations follow by similar reasoning. In particular, we suppOse;» j >0, Vi j+1/2 > 0 and
write

Ui_izj =0hi_1o /Ay,  Vijr12 = 0hi j1/2/AX,

wherel < maxu(x, y)| andv < maxXv(x, y)| are average pointwise velocities along each
side. Then we can rewrite (55) as

Vij = max(

We wish to show thatj; <2 if v < 1.
First consider the case in Fig. 7b, where the cell is trapezoidalhyith, ; = Ax, so that
the cell area is

(56)

l’:lhi_l/g,jAt
Kij AXAY ’

vhi jy12At
Kij AXAY '

1

1
Kij AXAY = é(hi_l/z'j + hi+1/2,j)AX > Ehi_l/z’j AX.

Then we can bound (56) by

2At

Vij = hi_1/2,j Ax max(|uhi_1/2,,- |,

ohij11/2])- (57)

Now assume that andv are roughly constant in this cell, which is reasonable for smooth
flow on a sufficiently fine grid. Then the slope of the wall segment in Fig. 7b is given by
9/0, and so

Ohy j112 = 0VAX < Ghi_q2 ;.

Hence the first term is the larger in the max of (57) and cancelling the factar b ;
gives
vij < 8t <2v<2
AX
as desired.

Now consider the triangular case in Fig. 7c. Expression (56) still holds, butkjow
has been modified using Eq. (31) so thgtAxAy is larger than the cell are&j =
%hi,l/g,,- hi j+1/2. (Using the unmodified;; could clearly lead to arbitrarily large values of
vj in (56).) The modification (31) in this case reduces to

1 .
Kij AXAY = E mln(hi_l/z.j AX, hi,j+1/2Ay) (58)
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since the larger cell side is replaced by the full cell length in the formula for the triangle

ar

ea.
If the first term in (56) is larger, then we can use

1
Kij AXAY > éhi_l/z’j AX

(which follows from (58)) to obtain

20At

vij < <2v <2

Or, if the second term in (56) is larger, then we can use

1
Kij AXAY > Ehi*”l/sz

(which also follows from (58)) to obtain

Ei

96

10.

20At

vij =

‘52})52.

ther way, we have obtained the desired bound.
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